
CS 70 Discrete Mathematics and Probability Theory
Spring 2021 HW 1

Due: Friday, 01/29 at 10:00 PM
Grace period until Friday, 01/29 at 11:59 PM

Sundry
Before you start writing your final homework submission, state briefly how you worked on it. Who
else did you work with? List names and email addresses. (In case of homework party, you can just
describe the group.)

1 Prove or Disprove
For each of the following, either prove the statement, or disprove by finding a counterexample.

(a) (∀n ∈ N) if n is odd then n2 +4n is odd.

(b) (∀a,b ∈ R) if a+b≤ 15 then a≤ 11 or b≤ 4.

(c) (∀r ∈ R) if r2 is irrational, then r is irrational.

(d) (∀n ∈ Z+) 5n3 > n!. (Note: Z+ is the set of positive integers)

2 Preserving Set Operations
For a function f , define the image of a set X to be the set f (X) = {y | y = f (x) for some x ∈ X}.
Define the inverse image or preimage of a set Y to be the set f−1(Y ) = {x | f (x) ∈ Y}. Prove the
following statements, in which A and B are sets. By doing so, you will show that inverse images
preserve set operations, but images typically do not.

Hint: For sets X and Y , X =Y if and only if X ⊆Y and Y ⊆ X. To prove that X ⊆Y , it is sufficient
to show that (∀x) ((x ∈ X) =⇒ (x ∈ Y )).

(a) f−1(A∪B) = f−1(A)∪ f−1(B).

(b) f−1(A∩B) = f−1(A)∩ f−1(B).

(c) f−1(A\B) = f−1(A)\ f−1(B).

(d) f (A∪B) = f (A)∪ f (B).
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(e) f (A∩B)⊆ f (A)∩ f (B), and give an example where equality does not hold.

(f) f (A\B)⊇ f (A)\ f (B), and give an example where equality does not hold.

3 Twin Primes
(a) Let p > 3 be a prime. Prove that p is of the form 3k+1 or 3k−1 for some integer k.

(b) Twin primes are pairs of prime numbers p and q that have a difference of 2. Use part (a) to
prove that 5 is the only prime number that takes part in two different twin prime pairs.

4 Social Network
Consider the same setup as Q2 on the vitamin, where there are n people at a party, and every
two people are either friends or strangers. Prove or provide a counterexample for the following
statements.

(a) For all cases with n = 5 people, there exists a group of 3 people that are either all friends or all
strangers.

(b) For all cases with n = 6 people, there exists a group of 3 people that are either all friends or all
strangers.

5 Counterfeit Coins
(a) Suppose you have 9 gold coins that look identical, but you also know one (and only one)

of them is counterfeit. The counterfeit coin weighs slightly less than the others. You also
have access to a balance scale to compare the weight of two sets of coins — i.e., it can tell
you whether one set of coins is heavier, lighter, or equal in weight to another (and no other
information). However, your access to this scale is very limited.

Can you find the counterfeit coin using just two weighings? Prove your answer.

(b) Now consider a generalization of the same scenario described above. You now have 3n coins,
n ≥ 1, only one of which is counterfeit. You wish to find the counterfeit coin with just n
weighings. Can you do it? Prove your answer.

6 Induction
Prove the following using induction:

(a) For all natural numbers n > 2, 2n > 2n+1.

(b) For all positive integers n, 12 +22 +32 + · · ·+n2 = n(n+1)(2n+1)
6 .

(c) For all positive natural numbers n, 5
4 ·8

n +33n−1 is divisible by 19.
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7 Airport
Suppose that there are 2n+1 airports where n is a positive integer. The distances between any two
airports are all different. For each airport, exactly one airplane departs from it and is destined for
the closest airport. Prove by induction that there is an airport which has no airplanes destined for
it.
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